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CHAPTER 1
INTRODUCTION
There is enormous amount of water on the earth’s surface and abundant mineral
resources, but human capabilities lack to explore them efficiently. The Underwater
Vehicle has become an efficient tool in this harsh environment. Thus, underwater
vehicle is now widely used in different underwater activities such as, ocean ex-
ploration, oil and gas platform maintenance and underwater pipeline inspection.
Underwater vehicle has many features depending on its application. In this thesis
the UVMS which is made up of underwater vehicle with a robotic arm to do spe-
cial applications such as finding the black box under the sea and welding pipelines
underwater etc. is considered. These kinds of UVMSs need a precise control to
enable it to function as expected.
For instance, one of the real application for the UVMS model which is manu-
factured by Sub-Atlantic company in UK (Comanche ROV) is introduced. This
type of UVMS model has 2 n-link manipulators attached to it, see Figure 1.1. It
is suitable for applications such as, offshore oil and gas, scientific research in deep
1
sea, military and homeland security.
Figure 1.1: Sub-Atlantic ROV [2].
1.1 Motivation
As mentioned above the UVMS considered in this work is composed of the AUV
and the underwater manipulator as illustrated in Figure 1.2. The AUV has 6
DOFs while the manipulator has n DOFs, characterized by n successive links.
Hence, the total number of DOFs of the UVMS will be N = 6+n DOFs.
In order to design a control system for the UVMS, a mathematical model is
needed. According to the literature there are several ways to develop the UVMS
model. Newton-Euler and Euler-Lagrange methods are the two most commonly
used methods.
However, Kane’s method is employed in this thesis to develop the UVMS model
2
Figure 1.2: Underwater Vehicle Manipulator System.
because there are insufficient details of the dynamic equations for the model in
the literature, such as inertia matrix and Coriolis & centripetal term.
In [4], detailed dynamics of the UVMS model are given but there are some
difficulties in extracting the Coriolis and centripetal term as a matrix, thus, their
approach is used as a reference to develop a model and the computation of Coriolis
and centripetal term is adapted from [5].
Controlling the position of the UVMS with 9 DOFs poses some difficulties,
most importantly, the disturbance (modeled in the dynamic equation) caused
by the interaction forces between the AUV and the manipulator when one of
them changes its position. There are several conventional control designs such as
feedback linearization, sliding mode and adaptive control to overcome the control
problems. Each of these controllers has its own drawbacks. For instance, feedback
linearization requires a precise knowledge of the model. However, the UVMS
model has many unmodeled dynamics which are usually considered to design a
3
suitable non-linear controller.
1.2 Thesis Objectives
The objective of this thesis is to identify necessary data and steps to apply Kane’s
method to develop the UVMS model. The method will be used to find UVMS
model with a 3 link manipulator. Furthermore, L1 adaptive controller for the
UVMS model is developed. L1 adaptive controller is a recent technique that has
never been applied to UVMS models. Using this approach for the UVMS model is
an original contribution. The result will be benchmarked to recent controllers in
the literature such as sliding mode and feedback linearization. The advantage of L1
adaptive controller stems from its decoupling between robustness and adaptation
leading to a robust control. In addition, the technique does not require exact
knowledge of the non-linear dynamics. Simulation results and analytical analysis
will be used to evaluate the performance.
In the development of modeling and nonlinear control for Underwater Vehicle
and UVMS the following objectives will be achieved.
Presenting the kinematics and dynamics equations of Underwater Vehicle.
Then, driving the full model of the UVMS by using Kane’s method, after de-
veloping the model, designing a feedback linearization controller and sliding mode
controller for both models. A new controller (L1 Adaptive controller) is designed
for both models, as well as, the comparison of feedback linearization and slid-
ing mode controllers with L1 adaptive controllers is done. Finally, the stability
4
analysis for the mentioned controllers is proved.
1.3 Thesis Organization
 Chapter 1 gives a brief introduction about the UVMS model supported by
some motivations and real applications and the organization of the thesis.
 Chapter 2 consists of the literature about the modeling and control of the
UVMS model.
 Chapter 3 presents the general idea about the Kane’s equation which is used
throughout this thesis.
 Chapter 4 Introduces the general form of Underwater Vehicle model which
is used as a basis for the development of the UVMS model.
 Chapter 5 presents UVMS model in detail by using Kane’s equation.
 Chapter 6 presents of L1 Adaptive Controller, feedback linearization and
sliding mode controller for Underwater Vehicle and UVMS, as well as the
simulation results.
 Chapter 7 concludes the thesis.
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CHAPTER 2
LITERATURE REVIEW
There are two main parts in this section; the first one is the modeling of UVMS
and this part is very important because of the lack of information in this area
in the literature. The second part is the control of the UVMS model. Due to
the lack of sufficient information, Jason vehicle and three link manipulator have
been used as an example to develop the UVMS model with full data by using the
Kane’s method [6].
2.1 Modeling of UVMS
Schjolberg (1994) used iterative Euler-Lagrange algorithm to develop the UVMS
model [7]. A general structure of the dynamic equation for the UVMS model in the
body and earth reference frames was presented and the interaction forces between
the vehicle and the manipulator were introduced through matrices. Although the
dynamic equations are presented, the weakness is that the matrices elements are
not given, such as the elements of matrix of the reactions forces and moments
6
between the vehicle and the manipulator.
Gregg Allan Shoults (1996) developed the UVMS model by using Kane’s equa-
tion [6]. Kane’s equation is used to find the generalized active forces and general-
ized inertia forces for each link in the system. Three link (Puma 560) manipulator
attached to the vehicle (Jason) is selected as an example for the simulations pur-
pose. The difficulties in this work appeared while trying to calculate the Coriolis
and Centripetal term.
T.J. Tam and S.P Yang (1997)[8] developed the model of the Underwater
Robotic Vehicle (URV) with Multiple Manipulators (two 3-link manipulators) by
using Kane’s method. This work is similar to Gregg (1996) and the difference is
instead of using one 3-link manipulator, two 3-link manipulators were used and
attached to the vehicle. The difficulties in this work again appeared while trying
to extract the Coriolis and Centripetal term.
F. Fahimi (2008) explained how to select the Coriolis and Centripetal term by
using an example of the two link robotic arm. the selection of C matrix of the
system is introduced while proving the stability conditions of the sliding mode
controller of the system. See page 154 [5].
2.2 Controlling of UVMS
Armstrong, Brian and Khatib, Oussama and Burdick, Joel (1986) [9] obtained
the explicit model of the PUMA arm in detail.
Ingrid and T.I. Fossen [7](1994) proposed a feedback linearization controller
7
for trajectory control of the UVMS system which transforms the non-linear system
dynamics into a linear system. The control law is selected to perform zero tracking
error. The problem in using feedback linearization controller is that it requires a
precise knowledge of the system. The UVMS model is highly non-linear system
and it has many unmodeled dynamics, thus a feedback linearization controller will
not be a good choice.
Gianluca Antonelli, Fabrizio Caccavale, Stefano Chiaverini, and Luigi Villani
(2000) [10] designed an adaptive controller to track a desired motion trajectory of
the UVMS model without using direct velocity feedback. Therefore, the observer
is used to estimate the velocity of the UVMS system which is required by a tracking
control law. Thus, the controller and observer are designed to achieve exponential
convergence to zero of motion tracking as well as estimation errors.
Antonelli, G. [11] (2006) presented the dynamic and kinematic control of
UVMSs. Six controllers, such as feedback linearization, sliding mode control,
adaptive control and output feedback control have been compared with respect to
their behaviour in presence of modeling uncertainty and presence of ocean current.
E. Xargay, N. Hovakimyan, and C. Cao (2009) [12] ,made a comparison be-
tween conventional adaptive control and recently developed technique (L1 adap-
tive control) by using two examples as a benchmark (Rohr’s example and two
cart example). L1 adaptive controller has two architectures; the first one is state
feedback setting and another one is output feedback setting. Both were applied in
this paper, the first one is applied to Rohr’s example and the other one is applied
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to the two cart example. the advantages of this new technique were shown by the
qualitative analysis.
B. Ferreira, M. Pinto, A. Matos, and N. Cruz, (2009) [13] started by present-
ing, the kinematic, modeling and Lyapunov fundamental concepts. Then, they
achieved the decoupled motions of the MARES AUV, via control of horizontal
and vertical positions and velocities and the performance of these controllers was
demonstrated by simulations and experiments.
A. Matos and N. Cruz, (2009)[14] gave full descriptions and specifications
(such as mechanical parts, power and energy, computational system, On-board
software and control) of the MARES AUV, or Modular Autonomous Robot for
Environment Sampling which can dive down to 100 m in depth.
Das, SK and Pal, D and Nandy, S and Kumar, V and Shome, SN and Mahanti,
B (2010) [15] presented the general control architecture which will be required
for autonomous navigation and guidance control of an autonomous underwater
vehicle, such as, hardware and software architecture for the AUV-150.
N. Hovakimyan and C. Cao (2010) [16] introduced L1 adaptive controller ar-
chitecture and its applications on different type of systems, such as linear systems,
linear time-varying systems and non-linear systems as well as its stability analysis.
D. Maalouf, V. Creuze, A. Chemori, et al (2012) [17] applied L1 adaptive
controller to the Underwater vehicle, but they applied this controller to control
only two degree of freedom (pitch and depth) out of six DOFs. The interesting
part in this work is that they applied it to the real underwater vehicle AC-ROV
9
and the proposed controller was able to compensate for the external disturbances
as well as the change in bouncing.
Therefore, the main objective of this work is to contribute to the literature
by filling in the following gaps: Firstly, due to the lack of the information re-
lated to the modeling of the Underwater Vehicle-Manipulator Systems (UVMS),
a full model of the UVMS needs to be derived by using Kane’s equation,then
the comparison and analysis has to be carried out between the general form of
the Underwater Vehicle model which is already available in the literature and the
general form of the UVMS model. Secondly, apply L1 Adaptive Controller for
UVMS model to be as a benchmark in the literature and compare it with the
existing controllers in the literature such as, Feedback Linearization and Sliding
Mode controller.
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CHAPTER 3
KANE’S EQUATION
3.1 Advantages of Kane’s Method
Basically all the methods to obtain the equations of motion are similar. However,
some of them are more suitable for the multibody dynamics than the others.
The Newton-Euler method provides a complete solution for all the forces and
kinematic variables, yet it is inefficient. The Newton-Euler method needs the
forces and moment balances to be applied for each body by considering all the
interactive and constraint forces. Thus, when only a few of the systems forces are
to be solved for, this method is inefficient.
A method is provided by Lagranges Equations which disregards all the inter-
active and constraint forces that do not perform work. But, this method requires
differentiating the scalar energy functions which is considered as a disadvantage.
For small multibody systems, this is not a big issue; however, for large multibody
systems it creates an efficiency problem.
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Kane’s method has all the features of both the methods (Newton-Euler and
Lagrange’s Equations) and it can also overcome the above mentioned challenges
without having any other disadvantages. It uses generalized forces and thus the
need to examine the interactive and constraint forces is eliminated. The differ-
entiation problem does not appear in this method as it does not use the energy
functions. To obtain the velocities and acceleration, algorithms based on vec-
tor products are used instead of differentiation. Kane’s method is an organized
approach to develop the dynamic equations of multibody systems which almost
classifies it as an automated numerical computation. See [18] for a brief synopsis
of Kane’s method supported by a common applications, such as spring-mass-
pendulum.
3.2 Kane’s Equation
Assigned a system S having N degrees of freedom inside a Newtonian frame, now
let, q˙1 . . . ˙qN , as the N generalized speeds with regard to S. Let F1 . . .FN , be the
generalized active Forces with regard to S, as well as F∗1 . . .F
∗
N , be the generalized
inertia forces related to S. After that all of the motions associated with S tend
to be Influenced through the equations [6].
Fr + F
∗
r = 0 (3.1)
Where, r = 1 . . . N .
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Suppose there is a rigid body B belonging to S, therefore, the body forces
acting on B are seen as the torque T and force R applied at a point Q in B, thus
(Fr)B, represents the contribution in Fr, has the following formula:
(Fr)B = ωr ·T + vQr ·R (3.2)
Where,
vQr =
∂vQ
∂q˙r
(3.3)
is the rth partial linear velocity of Q. Similarly
ωr =
∂ω
∂q˙r
(3.4)
is the rth partial angular velocity of B.
Similarly,
(F∗r)B = ωr ·T∗ + vr ·R∗ (3.5)
Where, T ∗ and R∗ are respectively torque and the inertia force of the rigid body
B, as well as vr is the r
th partial linear velocity of the centre of mass of B. The
inertia torque and the inertia force of the rigid body B are respectively formulated
as follows:
T∗ = −α · I− ω × I · ω (3.6)
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R∗ = −ma (3.7)
Where, ω and α are respectively the angular and acceleration of the rigid body
B, I is the central inertia matrix of B, m and a are the mass and acceleration of
B.
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CHAPTER 4
MODELING OF
UNDERWATER VEHICLE
The general dynamics and kinematics equations for Underwater Vehicle system
are presented below.
4.1 Underwater Vehicle Kinematics Equation
To represent the motion of underwater vehicle with six DOFs, the generalized
coordinates are needed to show the position and the attitude of the vehicle in
space. These six DOFs are surge, sway, heave, yaw, pitch, roll according to [19].
The motion of underwater vehicle is represented by the following vectors.
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η = [η>1 η
>
2 ]
> η1 = [x y z]> η2 = [ψ θ φ]>
ν = [ν>1 ν
>
2 ]
> ν1 = [νx νy νz]> ν2 = [ωx ωy ωz]>
τ = [τ>1 τ
>
2 ]
> τ1 = [X Y Z]> τ2 = [K L M ]> (4.1)
Where, η = [η>1 η
>
2 ]
> includes the position η>1 and the attitude η
>
2 of the un-
derwater vehicle in Earth frame, ν = [ν>1 ν
>
2 ]
> represents linear ν>1 and angular
ν>2 velocities of underwater vehicle in the body frame and τ = [τ
>
1 τ
>
2 ]
> is input
torques τ1 and moments τ2 acting on underwater vehicle in the body frame.
Thus, by integrating 4.2 gives η in the Earth frame.
η˙ = RIB(η)ν (4.2)
Where, RIB(η) is the transformation matrix which transforms the velocities
from the body frame to the Earth frame and it has the following components:
RIB(η) =
 R13×3(η) 03×3
03×3 R23×3(η)
 (4.3)
Where, R13×3(η) transforms ν1 (linear velocity for the underwater vehicle) to
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position rates in the earth frame and it has the following matrix form:
R1(η) =

CψCθ CφSψ − CψSφSθ −SφSψ − CφCψSθ
CθSψ −CφCψ − SφSψSθ CψSφ − CφSψSθ
−Sθ −CθSφ −CφSθ
 (4.4)
Where, Cx = cos(x), and Sx = sin(x) and R2(η) transforms ν2 (angular
velocity for the underwater vehicle) to the Euler rates in the earth frame and it
has the following matrix form:
R2(η) =

0 −Sφ/Cθ Cφ/Cθ
0 −Cφ Sφ
1 −SφSθ/Cθ −CφSθ/Cθ
 (4.5)
4.2 Underwater Vehicle Dynamics Equation
The general equation of motion for the underwater vehicle in the body frame is
given by:
Mν˙ + C(ν)ν + D(ν)ν + g(η) = τ (4.6)
Where,
M ∈ R6×6 ≡ Inertia matrix including added mass.
C(ν) ∈ R6×6 ≡ Matrix of Coriolis and centripetal term including added mass.
D(ν) ∈ R6×6 ≡ Damping matrix.
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g(η) ∈ R6 ≡ Vector of gravitational forces and moments.
τ ∈ R6 ≡ Control Inputs.
And, the inertia matrix consists of two terms as follows:
M = MRB + MA (4.7)
Where, MRB represents the rigid body inertia matrix and MA stands for the added
mass which represents the additional forces and moment coefficients caused by the
fluid surrounding the vehicle, and it has the following matrix form:
MRB =
 mI3×3 −mS(rg)
mS(rg) I0
 (4.8)
Where, I3×3 ≡ Identity matrix, I0 ≡ Inertia tensor with respect to the body frame
origin (I0 = I
>
0 > 0), rg = [rg1 rg2 rg3 ]
> is the centre of gravity vector and S(rg)
is the Skew Symmetric Matrix, defined below:
S(rg) =

0 −rg3 rg2
rg3 0 −rg1
−rg2 rg1 0
 (4.9)
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And,
MA =

Xu˙ Xv˙ Xw˙ Xp˙ Xq˙ Xr˙
Yu˙ Yv˙ Yw˙ Yp˙ Yq˙ Yr˙
Zu˙ Zv˙ Zw˙ Zp˙ Zq˙ Zr˙
Ku˙ Kv˙ Kw˙ Kp˙ Kq˙ Kr˙
Mu˙ Mv˙ Mw˙ Mp˙ Mq˙ Mr˙
Nu˙ Nv˙ Nw˙ Np˙ Nq˙ Nr˙

(4.10)
Where, X, Y, Z, K, M, N are the linear forces and torques applied to the under-
water vehicle, therefore, for instance Xu˙ is the hydrodynamic added mass force
due to the acceleration u˙ in x direction, thus, the Coriolis and centripetal matrix,
can be computed from the inertia matrix, to do so, the inertia matrix should be
written in sub-matrcies terms as follows:
M =
 M11 M12
M21 M22
 (4.11)
Therefore, the Coriolis and centripetal matrix will be given as:
C(ν) =
 03×3 −S(M11ν1 + M12ν2)
−S(M11ν1 + M12ν2) −S(M21ν1 + M22ν2)
 (4.12)
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And, the damping matrix given by:
D(ν) =

|ν1| 0 0 0 0 0
0 |ν2| 0 0 0 0
0 0 |ν3| 0 0 0
0 0 0 |ν4| 0 0
0 0 0 0 |ν5| 0
0 0 0 0 0 |ν6|

(4.13)
Now, the equation of motion for the underwater vehicle in the Earth frame
can be written as follows:
Me(η)η¨ + Ce(η, ν)η˙ + De(ν, η)η˙ + ge(η) = τe (4.14)
Where,
Me(η) =R
−T(η)M(η)R−1(η) ∈ R6×6
Ce(η, ν) =R
−T(η)[C(η, ν)−M(η)R−1(η)R˙(η)]R−1(η) ∈ R6×6
De(ν, η) =R
−T(η)D(ν)R−1(η) ∈ R6×6
ge(η) =R
−T(η)g(η) ∈ R6
τe =R
−T(η)τ ∈ R6
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CHAPTER 5
DYNAMIC MODEL FOR THE
UVMS
In this chapter, the dynamic model of the underwater vehicle with the n DOFs
manipulator is developed through the usage of Kane’s method, which was intro-
duced in chapter two. The UVMS belongs to the multi-body dynamic systems;
because it is composed from two parts, namely is underwater vehicle which has
six DOFs and a manipulator (robotic arm) with n DOFs. Therefore, to apply
Kane’s method we need first to calculate two types of forces, the first one is called
the generalized inertia forces, and the second one is called the generalized active
forces. These two types of forces must be computed for the entire system (UVMS).
5.1 Coordinate Systems
The coordinate systems will be selected in this section according to the Denavit-
Hartenberg (D-H) convention [20]. The D-H parameters are used to keep the
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relationship between adjoining coordinate frames (translation and orientation).
As shown in Fig 1.2, the total number of coordinate systems attached to the un-
derwater vehicle is n+1, were n coordinate frames are assigned to the manipulator
and one coordinate frame is assigned to its center of mass (C.M) labeled as the 0th
frame. In addition to these frames an Earth frame is to be as a reference frame.
5.1.1 Homogeneous Coordinates
In this section, two types of coordinate vectors are introduced, the first one is
called the physical coordinate vector as can be seen in eq. 5.2 and the second one
is called homogeneous coordinate vector as can be seen in eq. 5.2 , and they are
different because of the addition of 1 in the fourth element of the homogeneous
coordinate vector. The main advantage in using the homogeneous coordinate
vector is the capability to represent coordinate transformations, including both
rotation and translation, using a compact matrix notation.
P =

px
py
pz
 (5.1)
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P =

px
py
pz
1

(5.2)
For instance, assume having two coordinate frames, i and j, in which frame j is
rotating and translating from frame i as shown in Fig 5.1. Therefore, the location
of point P , can be described in terms of two vectors, di and P j, expressed as
follows:
Figure 5.1: Representation of Homogeneous Coordinate Transformations.

px
py
pz
 =

dxi
dyi
dzi
+

xˆi · xˆj xˆi · yˆj xˆi · zˆj
yˆi · xˆj yˆi · yˆj yˆi · zˆj
zˆi · xˆj zˆi · yˆj zˆi · zˆj


pxi
pyi
pzi
 (5.3)
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Or, compactly as:
Pi = di + AjiP
j (5.4)
Where, Aji represents the direction cosine matrix, containing the information
about the orientation of frame j with respect to frame i (without any information
about the translation). Thus, a homogeneous transformation will be required be-
cause it consists of both orientation and translational information between frame
j and i. The homogeneous transformation relating the vector Pj expressed in the
frame j to the vector Pi expressed in frame i is expressed by the following matrix
equation.

px
py
pz
1

=

xˆi · xˆj xˆi · yˆj xˆi · zˆj dxi
yˆi · xˆj yˆi · yˆj yˆi · zˆj dyi
zˆi · xˆj zˆi · yˆj zˆi · zˆj dzi
0 0 0 1


pxj
pyj
pzj
1

(5.5)
Or, compactly as:
Pi =
 Aji di
01×3 1

 Pj
1
 (5.6)
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It is also possible to rewrite it as:
Pi = AjiP
j (5.7)
Where, Aji represents a homogeneous coordinate transformation matrix, which
contains the orientation as well as the translation information.
5.1.2 Generalized Coordinates and Speeds
The term ”‘Generalized Coordinates”’ means the states of the dynamic system.
Since there are N = n + 6 generalized coordinates in the UVMS model, then a
vector with N states is used as follows:
η =

Xv
Yv
Zv
ψv
θv
φv
θ1
...
θn

(5.8)
The generalized coordinates can be computed by integrating the following
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differential equation:
η˙ = RIB(η)ν (5.9)
Where, RIB(η) represents the transformation matrix which transforms the UVMS
speed (ν) from the body frame (0th) to the Earth frame (I) η˙, and it is given as
follows:
RIB(η) =

R13×3(η) 03×3 03×3
03×3 R23×3(η) 03×3
03×3 03×3 R3n×n(η)
 (5.10)
Where, R13×3(η), R23×3(η) and R3n×n(η), are respectively expressed by the follow-
ing matrix equations:
R1(η) =

CψCθ CφSψ − CψSφSθ −SφSψ − CφCψSθ
CθSψ −CφCψ − SφSψSθ CψSφ − CφSψSθ
−Sθ −CθSφ −CφSθ
 (5.11)
R2(η) =

0 −Sφ/Cθ Cφ/Cθ
0 −Cφ Sφ
1 −SφSθ/Cθ −CφSθ/Cθ
 (5.12)
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R3n×n(η) =

1 0
. . .
0 1
 = InXn (5.13)
Where, Cx = cos(x), and Sx = sin(x) and ν represents the generalized speed and
can be expressed by the following vector:
ν =

vx
vy
vz
wx
wy
wz
θ˙1
...
θ˙n

(5.14)
5.2 Kinematic Analysis
In this section, linear and angular velocities are computed, as well as linear and
angular accelerations for each link, which are required to calculate the inertia
forces of the system according to Kane’s equation represented in chapter two.
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5.2.1 Position Vector to a Link’s C.M
Keep in mind that each link has its own coordinate frame located at its C.M.
In addition to the 0th coordinate frame located at the underwater vehicle C.M.,
thus, the total number of coordinate frames is equal to n + 1. Therefore, the
function of the position vector is to transform the C.M. of each link from the
local link coordinate frames to the 0th coordinate frame of the vehicle. Thus, the
concept of the homogeneous transformation is used to find the position vectors.
The homogeneous transformation between successive links is governed by the link
Denavit-Hartenberg (D-H) parameters and it is given by the following matrix
equation:
Aii−1 =

cos(θi) −cos(αi)sin(θi) sin(αi)sin(θi) αicos(θi)
sin(θi) cos(αi)cos(θi) −sin(αi)cos(θi) αisin(θi)
0 sin(αi) cos(αi) di
0 0 0 1

(5.15)
Where, θi is the rotation angle between frame i and i− 1 measured about the
positive zˆi−1 axis, αi is the twist angle of link i, di is the distance parameter of
link i and ai is the length parameter of link i [20].
As a special case, the homogeneous transformation between link 1 and the 0th
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frame of the vehicle is given as follows:
A10 =

cos(θ1) −cos(α1)sin(θ1) sin(α1)sin(θ1) cx0
sin(θ1) cos(α1)cos(θ1) −sin(α1)cos(θ1) cy0
0 sin(α1) cos(α1) cz0
0 0 0 1

=
 A10 c00
01×3 1
 (5.16)
Where, c00 is the position vector from the C.M. of the vehicle to the first link
coordinate frame expressed in the 0th coordinate frame. Thus, the position vector
of the C.M of link 1 expressed in 0th frame will be as follows:
P01 = A
1
0c
1
1 (5.17)
Where, c11 is the homogeneous position vector to the C.M. of link 1 expressed in
its local coordinate frame, therefore, in general, cjj will represent the homogeneous
position vector to the C.M. of link j expressed in its own local coordinate frame.
The position vector of the C.M of link 2 expressed in 0th frame will be as
follows:
P02 = A
1
0A
2
1c
2
2 (5.18)
In the same manner, a general form of the positions vectors of k links are given
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by:
P0j =
(
j∏
k=1
Akk−1
)
cjj (5.19)
5.2.2 Angular Velocity
In this chapter, the following notations are used, (wij, v
i
j, α
i
j and a
i
j) and represent
the angular and linear velocities as well as the angular and linear accelerations of
the C.M of link j, respectively, with respect to the Earth frame expressed in the
0th coordinate frame, (xˆ, yˆ and zˆ) are represent the unit vectors, as special cases
(wi0, v
i
0, α
i
0 and a
i
0) are represent the angular and linear velocities as well as the
angular and linear accelerations of the C.M of vehicle with respect to the Earth
frame expressed in the 0th coordinate frame. Therefore, the angular velocity for
the AUV will be as follows:
wi0 = wxxˆ0 + wyyˆ0 + wzzˆ0 (5.20)
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In the same manner, the angular velocities for the manipulator links will be as
follows:
wi1 = w
i
0 + w
i
1 = w
i
0 + θ˙1zˆ0 1
st link
wi2 = w
i
0 + w
i
1 + A
1
0w
1
2 2
nd link
= wi0 + θ˙1zˆ0 + A
1
0θ˙2zˆ0
...
wij = w
i
0 + w
0
1 +
j−1∑
l=1
l∏
m=1
Amm−1w
l
l+1 j
th link (5.21)
Where,
wll+1 = [0 0 θ˙l+1]
> is the angular velocity of link l+ 1 with respect to the zˆl axis.
5.2.3 Linear Velocity
The linear velocity for the vehicle is given by the the following equation:
vi0 = vxxˆ0 + vyyˆ0 + vzzˆ0 (5.22)
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While, the linear velocities of the manipulator’s links are given as follows:
v01 = v
0
0 +
dP01
dt
+ wi0 ×P01 1st link
v02 = v
0
0 +
dP02
dt
+ wi0 ×P02 2nd link
...
v0j = v
0
0 +
dP0j
dt
+ wi0 ×P0j jth link (5.23)
5.2.4 Angular Acceleration
The angular acceleration for the vehicle is given by the the following equation:
αi0 =
dwi0
dt
= w˙xxˆ0 + w˙yyˆ0 + w˙zzˆ0 (5.24)
While the angular acceleration of the manipulator’s links are given as follows:
αi1 =
dwi1
dt
+ wi0 ×wi1 1st link
αi2 =
dwi2
dt
+ wi0 ×wi2 2nd link
...
αij =
dwij
dt
+ wi0 ×wij jth link (5.25)
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5.2.5 Linear Acceleration
The linear acceleration for the vehicle is given by the the following equation:
a00 =
dv00
dt
+ wi0 × v00 (5.26)
While the linear acceleration of the manipulator’s links are given as follows:
a01 =
dv01
dt
+ wi0 × v01 1st link
a02 =
dv02
dt
+ wi0 × v02 2nd link
...
a0j =
dv0j
dt
+ wi0 × v0j jth link (5.27)
5.3 Inertia Forces
The inertia force R∗0 of the vehicle is given by the following equation:
R∗0 = −m0 a00 (5.28)
Where, m0 and a
0
0 represents the mass and the linear acceleration of the vehicle,
respectively.
The inertia force R∗j for the manipulator’s links is given by the following equa-
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tion:
R∗j = −mj a0j (5.29)
Where, mj and a
0
j represents the mass and the linear acceleration of the manip-
ulator link j, respectively.
The inertia torque T∗0 of the vehicle is given by the following equation:
T∗0 = −α00 · I00 −wij × I00 ·wi0 (5.30)
Where, I00is the central inertia matrix of the vehicle.
The inertia torque T∗j of the manipulator’s links are given by the following
equation:
T∗j = −α0j · I0j −wij × I0j ·wij (5.31)
Where, I0j is the central inertia matrix of the manipulator link J which can be
computed by using the following formula:
I0j = A
j
0I
j
j(A
j
0)
> (5.32)
Where, Aj0 is the direction cosine matrix connecting frame j to the 0
th frame and
Ijj is the central inertia matrix of link j expressed in its frame.
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Thus, the generalized inertia force for the total system (UVMS) according to
the Kane’s equation introduced in chapter 2, can be written as follows:
F∗r =
n∑
j=0
(
∂wij
∂νr
·T∗j +
∂vij
∂νr
·R∗j ) (5.33)
Where, r = 1, · · · , N represents the number of DOFs.
5.4 Gravity Forces
Gravity force categorized as the active force, due to its acting on the C.M. of each
link in the UVMS system. Therefore, the force of the gravity Rgi , acting on an
arbitrary link j with mass mj, is given by the following formula:
Rgi = mj g0j (5.34)
The generalized active force of gravity (Fr)g for the entire UVMS sysrem is given
by:
(Fr)g =
n∑
j=0
mj
∂v0j
∂νr
· g0j (5.35)
Where,
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g0j =

gxj
gyj
gzj
 (5.36)
Represents the gravity force vector for the arbitrary Link expressed in the vehicle
coordinate frame (0th frame).
Therefore, for the UVMS system the gravity vector expressed in the vehicle
coordinate frame (0th frame) will be as follows:
g0j = R
−1
1 ∗ g + R−11 ∗ (
j−1∑
l=1
l∏
m=1
Amm−1 ∗ g) (5.37)
Where,
g =

0
0
9.8
 , (5.38)
Is the gravity vector in the Earth frame.
Thus, by substituting eq. 5.37 into eq. 5.35 the generalized active force of the
gravity for the entire UVMS sysrem will be obtained.
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5.5 Hydrodynamic Forces
The hydrodynamic forces are listed in terms of added mass, buoyancy, fluid ac-
celeration, and drag, which are generally caused by the motion of the vehicle in
an underwater environment which results in a highly nonlinear dynamics of the
vehicle. Along this section, these hydrodynamic forces are computed using Kane’s
equation.
5.5.1 Added Mass
The added mass represents the additional forces and moments coefficients, caused
by the fluid surrounding the vehicle and the manipulator’s links, this phenomenon
will be seen as the virtual mass (added mass), as a result of that, this added mass
must be taken into account in the dynamic equation of the UVMS system [21].
The inertia force R∗Aj and torque T
∗
Aj
have been shown and extracted in [6,
21, 22] where, the added mass phenomenon of a submerged body is given by the
following equation matrix form:
 R∗Aj
T∗Aj
 = I0Aj
 v˙0j
w˙ij
−
 w˜ij 03×3
v˜0j w˜
i
j
 I0Aj
 v0j
wij
 (5.39)
Where, v˜0j and w˜
i
j are skew symmetric matrices and I
0
Aj
is the 6× 6 added mass
matrix.
And, v˙0j and w˙
i
j are extracted by just rewriting eq. 5.27 and 5.25 to be in the
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following forms:
v˙0j = a
0
j −wi0 × v0j (5.40)
w˙ij = α
i
j −wi0 ×wij (5.41)
Substituting the above two equations into equation 5.39 leads to:
 R∗Aj
T∗Aj
 = −I0Aj
 a0j
αij
+ I0Aj
 wij × v0j
wi0 ×wij
−
 w˜ij 03×3
v˜0j w˜
i
j
 I0Aj
 v0j
wij
(5.42)
The relative velocity and acceleration of the fluid are computed by the following
formulas:
ν0j = v
0
j − v0f
σ0j = a
0
j − a0f (5.43)
Where, v0f and a
0
f are the velocity and the acceleration of the fluid, respectively.
Therefore, by substituting eq. 5.43 into eq. 5.42 the final form of the inertia
force and torque will be:
 R∗Aj
T∗Aj
 = −I0Aj
 σ0j
αij
+ I0Aj
 wij × ν0j
wi0 ×wij
−
 w˜ij 03×3
ν˜0j w˜
i
j
 I0Aj
 ν0j
wij
(5.44)
The generalized inertia force (F∗r)AM caused by the added mass (represents
the contribution of the hydrodynamic force and torque for the dynamic model)
38
for the total system (UVMS system) is obtained as follows:
(F∗r)AM =
n∑
j=0
(
∂wij
∂νr
·T∗Aj +
∂v0j
∂νr
·R∗Aj) (5.45)
Now, the inertia matrix M(η) for the total system (UVMS) can be extracted,
by summing the generalized inertia forces (see eq. 5.33) with the generalized
inertia forces caused by the added mass (see eq. 5.45), then applying the Jacobian
for this summation with respect to the acceleration (see eq. 5.46)
(M(η))i,j = −∂((F
∗
i ) + (F
∗
i )AM)
∂ν˙j
(5.46)
For the purpose of the analysis, the inertia matrix of the total system is
MN×N(η) =
 Mv + H(η) Mc(η)
M>c (η) Mm(η)
 (5.47)
Where, Mc(η) is the reaction inertia matrix between the vehicle and the ma-
nipulator, Mv is the inertia matrix for vehicle, H(η) is the added inertia due to
the manipulator, and Mm(η) is the inertia matrix for the manipulator.
Since, the inertia matrix for the UVMS system MN×N(η) is known, therefore,
the Coriolis and centripetal matrix Cn×n(ν, η) can be selected according to [5]
page 154, as the following equation:
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Cij =
1
2
M˙ij(η) +
1
2
n∑
k=1
(
∂Mik(η)
∂ηj
− ∂Mjk(η)
∂ηi
)η˙k (5.48)
At this point, the inertia, Coriolis & centripetal matrices have been calculated.
5.5.2 Buoyancy
Buoyancy force is the net force on a rigid body caused by the pressure differences
in the surrounding water caused by gravity, and it acts through the centre of
gravity or the centre of mass. Therefore, if the centre of buoyancy is not on the
same vertical line as the centre of gravity, there will be a resulting torque. [?].
Thus, for a homogeneous symmetric shape, the centre of mass and the centre
of buoyancy are identical. In this thesis the buoyancy force RBj is assumed to be
acting through the centre of mass of the vehicle and the manipulator’s links, and
it is expressed by the following formula:
RBj = −ρVjg0j (5.49)
Where, ρ represents the density of the fluid, Vj represents the volume of the fluid
displaced by link j and g0j is the gravity vector for the arbitrary Link expressed
in the AUV frame (0th frame).
So, the generalized active force caused by the buoyancy (Fr)Buoy for the total
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system (UVMS model) as follows:
(Fr)Buoy = −ρ
n∑
j=0
Vj
∂v0j
∂νr
· g0j (5.50)
Where, r = 1, · · · , N
Thus, at this point the net gravity forces acting on the total system (UVMS
model) can be computed by summing both forces namely, the generalized active
force as a result of the gravity (eq. 5.35) with the generalized active force caused
by the buoyancy (eq. 5.50) which leads to following gravity vector force:
(Fg)N×1 = (Fr)g + (Fr)Buoy (5.51)
Thus, the final form of the gravity force vector will look like the following:
g(η)N×1 =
 gv(η)6×1 + gE(η)6×1
gm(η)n×1
 (5.52)
Where, gv(η)N×1 is the gravity forces and moments vector for the vehicle, gE(η)6×1
is the gravity forces and moments vector on the vehicle due to manipulator and
gm(η)n×1 is the gravity forces and moments vector for the manipulator.
5.5.3 Fluid Acceleration
Fluid acceleration is the rate of change in the fluid velocity. it is assumed that it
is acting through the C.M of the vehicle and the manipulator’s links.
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The fluid acceleration force RFlj can be written as the following:
RFlj = ρVja
0
Fl (5.53)
Where, a0Fl represents the acceleration of the fluid.
Therefore, the generalized active force (Fr)FluidAccel caused by the fluid accel-
eration is given by the following equation:
(Fr)FluidAccel = ρ
n∑
j=0
Vj
∂v0j
∂νr
· a0Fl (5.54)
Where, r = 1, · · · , N
5.5.4 Drag Force
In general, the drag force is proportional to the square of the relative velocity
of the rigid body irrespective to the medium (water, gas, air, and so on), and it
depends on the geometric shape of the rigid body and the density of the medium.
The drag force consists of profile drag, skin friction drag, and lift forces.
The profile drag force and torque acting on an infinitesimal part of the link
are given by the following expressions respectively:
dRDragj = −0.5ρCDbi‖v0j (l)⊥‖v0j (l)⊥dl (5.55)
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dTDragj = −0.5ρCDbi‖v0j (l)⊥‖(Aj0lxˆj × v0j (l)⊥)dl (5.56)
Where, l is the link length, dl is the length of the infinitesimal element, bj is the
width of the rectangle that circumscribes the frontal projection of the infinitesimal
element of link j, v0j (l)
⊥ is the relative velocity of link j with respect to the fluid
normal to the link along the length.
And, CD is the drag coefficient (it is a function of the link geometry CD,basic see
[23] for different link shapes, and fluid flow angle σ), it has the following formula:
CD = CD,basicsin
2(σ) (5.57)
Therefore, to find the force and moment on link j caused by profile drag, the
surface integral in eq. 5.55 and eq. 5.56 should be converted to a line integral by
using strip theory, which leads to:
RDragj =− 0.5ρ
∫ L
0
‖v0j (l)⊥‖v0j (l)⊥CDbidl (5.58)
TDragj =− 0.5ρ
∫ L
0
‖v0j (l)⊥‖(Aj0lxˆj × v0j (l)⊥)CDbidl
The generalized active force caused by the drag force and torque for the total
system (UVMS) is given by the following equation:
(Fr)Drag =
n∑
j=0
(
∂wij
∂νr
·TDragi +
∂v0j
∂νr
·RDragi) (5.59)
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with r = 1, · · · , N
Therefore, the drag matrix (D(ν, η))N×N for the total system (UVMS model)
extracted by computing the Jacobian for the drag force with respect to the accel-
eration ν˙ is given by the following equation:
(D(ν, η))i,j = −∂(Fi)Drag
∂ν˙j
(5.60)
Finally, the damping matrix will have the following form:
D(ν, η)N×N =
 Dv(ν, η)6×6 0
0 Dm(ν, η)n×n
 (5.61)
Where, Dv(ν, η) is the damping matrix for the vehicle and Dm(ν, η)n×1 is the
damping matrix for the manipulator.
5.6 Dynamic model
The closed form of the dynamic model for the UVMS according to Kane’s equa-
tion, can be written as follows:
M(η)ν˙ + C(η, ν)ν + D(ν, η)ν + g(η) = τ (5.62)
Where, τ , represents the external input forces vector, and τv and τm represent the
input forces for the vehicle and the input forces for the manipulator, respectively.
Similarly, the equation of motion for the UVMS in the earth fixed reference
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frame can be written as follows:
Me(η)η¨ + Ce(η, ν)η˙ + De(ν, η)η˙ + ge(η) = τe (5.63)
where,
Me(η) =R
−T(η)M(η)R−1(η) ∈ R(6+n)×(6+n)
Ce(η, ν) =R
−T(η)[C(η, ν)−M(η)R−1(η)R˙(η)]R−1(η) ∈ R(6+n)×(6+n)
De(ν, η) =R
−T(η)D(ν)R−1(η) ∈ R(6+n)×(6+n)
ge(η) =R
−T(η)g(η) ∈ R6+n
τe =R
−T(η)τ ∈ R6+n
And, n represents the number of DOFs of the manipulator.
5.7 Properties of Equation of Motion
For both vehicle and UVMS systems, the following properties hold:
The inertia matrix for the total system is symmetric and strictly positive definite
M(η) = M>(η) > 0
The Damping matrix for the total system is strictly positive definite
D(η, ν) > 0
Finally for the total system
x>[M˙(η)− 2C(η, ν)]x = 0 is true
45
Where, x is an arbitrary vector.
5.8 Example: 3 links Manipulator attached to
the Underwater Vehicle
In this section, the model of underwater vehicle with 3 links manipulator has been
developed by applying Kane’s method by following the all steps presented in the
previous section, see [6] chapter 5.
The parameters of the UVMS model selected to be matched with Jason Un-
derwater Vehicle [1], as well as, with the first 3 links of the Puma 560 manipulator,
therefore, the UVMS model has 9 DOFs, see tables (7.1 and 7.2). All equations
presented in the previous section solved by using MATLAB 12 b in this section.
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5.8.1 Coordinate Systems for the UVMS
Since, there are 9 DOFs, therefore, there will be 9 states of the model which are
described in the Earth frame as follows:
η =

Xv
Yv
Zv
ψv
θv
φv
θ1
θ2
θ3

(5.64)
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And, the generalized speed vector,
ν =

vx
vy
vz
wx
wy
wz
θ˙1
θ˙2
θ˙3

(5.65)
The equation of motion of the UVMS will be formulated in the 0th frame.
5.8.2 Kinematic Analysis of the UVMS
The aim of the Kinematic Analysis is to calculate the inertia forces of the UVMS,
to achieve this task, first, the following items must be calculated according to the
section 5.2:
1. Position Vectors
2. Angular Velocities
3. Linear Velocities
4. Angular Accelerations
5. Linear Accelerations
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The dimensions of the Jason Underwater Vehicle are given as in the follow-
ing tables: The first joint of the manipulator located on the vehicle at point,
Length L = 2.2m
Height H = 1.2m
Width W = 1.1m
Table 5.1: Dimension of Jason Underwater Vehicle [1]
(0.5L 0 0.5H), where, L and H represent the Vehicle’s Length and Height, re-
spectively. Therefore, the position vector from the C.M. of the vehicle the first
joint of the manipulator can be written as the follows:
c00 = [cx0 cy0 cz0 ]
> = [0.5L 0 0.5H]> = [1.1 0 0.6]>meters (5.66)
The Denavit-Hartenberg (D-H) parameters for the three links of the Puma 560
are given in the following table: Thus, the homogeneous transformation between
Joint θ α d a
1st θ1 -90 0 0
2nd θ2 0 0 0.4318
3rd θ3 90 0.1505 0
Table 5.2: D-H Parameters for the three links Puma 560
frame 0 (vehicle frame) and frame 1 (first link) is given by the following transfor-
mation matrix:
A10 =

cos(θ1) 0 −sin(θ1) 1.1
sin(θ1) 0 cos(θ1) 0
0 −1 0 0.6
0 0 0 1

(5.67)
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Therefore, table 5.2 will be used to find the rest homogeneous transformations as
follows:
A20 =

cos(θ2) −sin(θ2) 0 0.4318cos(θ2)
sin(θ2) cos(θ2) 0 0.4318sin(θ2)
0 0 1 0
0 0 0 1

(5.68)
A30 =

cos(θ3) 0 sin(θ3) 0
sin(θ3) 0 −cos(θ2) 0
0 1 0 0.1505
0 0 0 1

(5.69)
1. Position Vector to the C.M of the Link
To compute the position vector of the C.M. of each link with respect to the
0th frame, the position vectors of the C.M of each link expressed in local link
coordinate required, and it’s given as follows [24]:
c11 =
[
0 0.3088 0
]>
(5.70)
c22 =
[
−0.3289 0 0.2038
]>
(5.71)
c33 =
[
0 0 0
]>
(5.72)
As an example, the position vector of the C.M of the first link expressed in 0th
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can be found by substitution eq. 5.70 and eq. 5.67 in to eq. 5.17 which leads to:
P01 = A
1
0c
1
1 =

0
0
−0.31
 (5.73)
2. Angular Velocity to C.M of the Link
The angular velocity to C.M of each link can be computed from eq. 5.21, for
instance.
wi1 =

qd4
qd5
qd7 + qd6
 (5.74)
where, as an example, qd4 represents q˙4.
3. Linear Velocity to C.M of the Link
The linear velocity to C.M of each link can be computed from eq. ??, for example.
v01 =

qd1 + 0.29 ∗ qd5
qd2− 0.29 ∗ qd4 + 1.1 ∗ qd6
qd3− 1.1 ∗ qd5
 (5.75)
4. Angular Acceleration to C.M of the Link
The angular acceleration to C.M of each link can be computed from eq. 5.25, for
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instance.
αi1 =

qd5 ∗ (qd7 + qd6)− 1.0 ∗ qd5 ∗ qd6 + qdd4
qd4 ∗ qd6− 1.0 ∗ qd4 ∗ (qd7 + qd6) + qdd5
qdd7 + qdd6
 (5.76)
5. Linear Acceleration to C.M of the Link
The linear acceleration to C.M of each link can be computed from eq. 5.27, for
instance.
a01 =

[
qdd1 + (0.29 ∗ qdd5)− qd6 ∗ (qd2− (0.29 ∗ qd4)+
(1.1 ∗ qd6)) + qd5 ∗ (qd3− (1.1 ∗ qd5))
]
[
qdd2− (0.29 ∗ qdd4) + (1.1 ∗ qdd6)− qd4 ∗ (qd3−
(1.1 ∗ qd5)) + qd6 ∗ (qd1 + (0.29 ∗ qd5))
]
[
qdd3− (1.1 ∗ qdd5) + qd4 ∗ (qd2− (0.29 ∗ qd4)+
(1.1 ∗ qd6))− qd5 ∗ (qd1 + (0.29 ∗ qd5))
]

(5.77)
5.8.3 Masses and Inertias for the UVMS model
The mass and inertia properties of the Jason underwater vehicle and Puma 560
manipulator are listed in the following table:
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Link Mass kg Ixxkg.m
2 Iyykg.m
2 Izzkg.m
2
Vehicle 1200 265 628 605
Link 1 12.96 1.0981 0.1774 1.1112
Link 2 22.37 0.4036 0.9684 0.9664
Link 3 5.01 0.0746 0.0755 0.0075
Table 5.3: Mass and Inertia Properties of the UVMS
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5.8.4 Gravity Force
The generalized active force caused by gravity can be computed from eq. 5.35, as
an example,
g01 =m0 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2 + sin(e5)2))+
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))) +m1 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2+
sin(e5)2)) + (49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
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(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))) +m2 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2+
sin(e5)2)) + (49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2)))+
m3 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2 + sin(e5)2))+
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2)))
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where, m0, m1, m2 and m3 represent the vehicle mass and the manipulator
links masses and e4 represents η4.
5.8.5 Hydrodynamic Forces
1. Hydrodynamic Added Mass
The hydrodynamic coefficients of the vehicle developed by approximating the ve-
hicle shape as an ellipsoid (as shown in Fig 5.2) which is governed by the following
formula:
Figure 5.2: Ellipsoid Model for Vehicle Hydrodynamic Added Mass.
x2
a2
+
y2
b2
+
z2
b2
= 1 (5.78)
where, a and b represent semi major axis oriented along the vehicle ( xˆ0) and (yˆ0
and zˆ0), respectively. By defining the eccentricity e and m of the water displaced
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by the ellipsoid as given in the following equation,
e = 1− ( b
a
)2 (5.79)
m =
4
3
piρab2 (5.80)
β0 and α0 are defined as constant in the following equation,
α0 =
2(1− e2)
e3
(0.5 ln
1 + e
1− e − e) (5.81)
β0 =
1
e2
− 1− e
2
2e3
ln
1 + e
1− e (5.82)
Therefore, the diagonal terms of the hydrodynamic added mass for the vehicle
will be as follows,
(I0A0)11 =−
α0
2− α0m (5.83)
(I0A0)22 =−
β0
2− β0m (5.84)
(I0A0)33 =(I
0
A0
)22 (5.85)
(I0A0)44 =0 (5.86)
(I0A0)55 =− 0.1
(b2 − a2)2(α0 − β0)
(b2 − a2) + (b2 + a2)(β0 − α0)m (5.87)
(I0A0)66 =(I
0
A0
)55 (5.88)
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The added mass coefficients for the manipulator can be computed by approximat-
ing the links as cylinders.
IjAj =

kj 0 0 0 0 0
0 kj 0 0 0 0
0 0 0 0 0 0
0 0 0
kjL
2
j
3
0 0
0 0 0 0
kjL
2
j
3
0
0 0 0 0 0 0

(5.89)
where, kj =
ρpirjLj
4
, Lj and rj are the length and radius of the cylinder, respectively.
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5.8.6 Buoyancy Force
The generalized active force caused by buoyancy can be computed from eq. 5.50,
for instance,
(Fr)Buoy1 = −m0 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2 + sin(e5)2))+
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2)))−
(99 ∗m1 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2 + sin(e5)2))+
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
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cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))))/100−
(99 ∗m2 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2 + sin(e5)2))+
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))))/100−
(99 ∗m3 ∗ ((98 ∗ sin(e5))/(5 ∗ (cos(e5)2 + sin(e5)2))+
(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e7))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
(49 ∗ cos(e5) ∗ cos(e7) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))−
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(49 ∗ cos(e4) ∗ cos(e5) ∗ sin(e9))/(5 ∗ (cos(e4)2 ∗ cos(e5)2 + cos(e4)2 ∗ sin(e5)2+
cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))+
(49 ∗ cos(e5) ∗ cos(e9) ∗ sin(e4))/(5 ∗ (cos(e4)2 ∗ cos(e5)2+
cos(e4)2 ∗ sin(e5)2 + cos(e5)2 ∗ sin(e4)2 + sin(e4)2 ∗ sin(e5)2))))/100
5.8.7 Profile Drag Force
The drag and torque motivated by the vehicle relative velocity in the fluid is given
by the following formulas,
RDrag0 =− 0.5CD0ρv20S0 (5.90)
TDrag0 =0 (5.91)
where, S0 represents frontal reference area of the vehicle which has sphere shape,
v0 is the relative velocity of the vehicle with respect to the fluid and CD represents
the drag coefficient for the shape of the vehicle.
The drag and torque induced by the manipulator relative velocity in the fluid is
given by eq. 5.58, by selecting the value of CD = 1.1, as in [23].
RDragj =− 0.5ρ
∫ L
0
‖v0j (l)⊥‖v0j (l)⊥CD2rjdl
TDragj =− 0.5ρ
∫ L
0
‖v0j (l)⊥‖(Aj0lxˆj × v0j (l)⊥)CD2rjdl
where, rj is the radius of j.
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CHAPTER 6
CONTROLLER DESIGN FOR
THE UNDERWATER VEHICLE
6.1 Feedback Linearization for the Underwater
Vehicle
Let us start with the general dynamic model of the AUV presented in 4.14. Here,
we define the new control input u as, see [5]:
u = M(η)−1[τ −Ce(ν, η)ν −De(ν)ν − ge(η)] (6.1)
By substituting 6.1 in the general equation of motion 4.14 leads to the following
simple system, which seems similar to a linear system:
η¨ = u (6.2)
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At this point, we need to design a control law for this simple system 6.2. Therefore,
we defined e = η − ηd to be the tracking error. Now, we can show that the control
law is;
u = η¨d + λ1e˙ + λ2e (6.3)
By selecting (λ1, λ2) > 0 , this leads to an exponentially stable closed-loop dy-
namics. By substituting 6.3 into 6.2 we can get the closed-loop error dynamics,
which results in:
e¨ + λ1e˙ + λ2e = 0 (6.4)
Now, the control law is designed for the linear system 6.2. Thus, we can transform
it to the initial control input by using 6.1:
τ = M(η)u + Ce(ν, η)ν + De(ν)ν + ge(η) (6.5)
The main drawback of the feedback linearization is that is assumes, that the
dynamic model in 6.5 is exact. Thus, if there are uncertainties in determining
the dynamic parameters of the AUV or the parameters of the AUV changes, this
results in the performance of the controller being adversely affected [5].
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6.1.1 Simulation Results for the Underwater Vehicle
Figure 6.1 shows the overall control block diagram of the feedback linearization
controller.
Figure 6.1: Simulink Block Diagram for the Underwater Vehicle.
The designed feedback linearization controller is implemented on the Modular
Autonomous Robot for Environment Sampling (MARES) AUV model and the
following simulation are obtained.
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Figure 6.2: 3D tracking of the MARES AUV without uncertainty.
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Figure 6.3: X-Y Semi Circle trajectory tracking of the MARES AUV without
uncertainty.
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Figure 6.4: Orientation of the MARES AUV without uncertainty.
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Figure 6.5: Control Signals of the MARES AUV without uncertainty.
The uncertainty in parameters (ρ and M represent water density and the iner-
tia matrix for the AUV, respectively) was not considered in the above simulation,
but now it is considered (10% error in ρ and 25% error in M).
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Figure 6.6: 3D tracking of the MARES AUV with uncertainty in parameters.
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Figure 6.7: X-Y Semi Circle of the MARES AUV with uncertainty in parameters.
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Figure 6.8: Orientation of the MARES AUV with uncertainty in parameters.
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Figure 6.9: Control Signals of the MARES AUV with uncertainty in parameters.
6.2 Sliding Mode Control for the Underwater
Vehicle
The required behavior of the closed-loop system in sliding mode control; generally
is governed by the scalar equation, sm(x, t) = 0, (see [25] page 278), where,
sm(x, t) = (
d
dt
+ λm)
n−1em (6.6)
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Where, S(x, t) = [s1(x, t), . . . , sm(x, t)]
> is the time-varying surface in the state
space Rn, x is the state of the system, λm is a strictly positive constant, n is the
system’s order , m is the number of surfaces (m = n) and em is the tracking error.
Therefore, for a second order system, where n = 2, Eq. 6.6 will become
s(x, t) = (
d
dt
+ λ)e (6.7)
The idea behind the sliding mode control design is as follows. If we can derive a
controller such that s(x, t) = 0, thus, regardless of bounded uncertainties of the
AUV model, the state η of the AUV will follow the desired behavior ηd [5]. Thus,
(
d
dt
+ λ)e = 0 (6.8)
Eq. 6.8, is called the sliding surface.
6.2.1 Sliding Model Controller Design for AUV
We will assume that Eq. 4.14 and Eq. 6.9 represent the real dynamic and the
nominal dynamic models of AUV, respectively. We followed the same steps as in
[5] chapter 5.
Mˆe(η)η¨ + Cˆe(η, ν)η˙ + Dˆe(ν, η)η˙ + gˆe(η) = τe (6.9)
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The ”hat” on the matrices means that these matrices are computed using the
nominal parameters of the AUV.
Now, let us define e = η − ηd, and, for the purpose of simplicity, we can rewrite
Eq. 6.7 as follows
s(x, t) = η˙ − sr (6.10)
Where,
sr = η˙d − λe (6.11)
Thus, Eq. 6.8 becomes as follows
η˙ − sr = 0 (6.12)
From Eq. 6.9 and Eq. 6.12 we can write
τˆ = Mˆes˙r + Cˆesr + Dˆesr + gˆe (6.13)
A complete sliding mode control law can be written as follows
τ = τˆ −Ksgn(s) (6.14)
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The first part of the control law τˆ is called an equivalent control and the second
part is a discontinuous function of s.
Where, K is a diagonal controller discontinuity gain matrix.
Or,
τ = (Mˆes˙r + Cˆesr + Dˆesr + gˆe)−Ksgn(s) (6.15)
Now, to stabilize s, the candidate Lyapunov function will be selected as
V (s) =
1
2
(s>Ms) (6.16)
Thus,
V˙ =
1
2
(s˙>Mes) +
1
2
(s>M˙s) +
1
2
(s>Ms˙) (6.17)
Since, the matrix M is symmetric and postive definite and η˙ = s + sr therefore,
Eq. 6.17 becomes
V˙ = s>Mes˙ +
1
2
(s>M˙es) = s>Me(η¨ − s˙r) + 1
2
(s>M˙s)
= s>Me (M−1e [τe −C(s + sr)−D(s + sr)− ge]− s˙r) +
1
2
(s>M˙s)
= s>([τe −Csr −Dsr − ge]−Mes˙r)− s>Des + 1
2
s>(M˙e − 2C)s
From section 5.7 we have proparty say, s>(M˙e − 2C)s = 0, thus
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V˙ = −s>Des + s>([τe −Csr −Dsr − ge]−Mes˙r) (6.18)
By substituting the value of τe from eq. 4.14 in to eq. 6.18 lead to
V˙ = −s>Des + s>[(Mˆe −Me)sr + (Cˆe −Ce)sr + (Dˆe −De)sr + (gˆe − ge)−Ksgn(s)]
Thus,
V˙ = −s>Des + s>(M˜esr + C˜esr + D˜esr + g˜e)− s>Ksgn(s)
Where,
M˜e = Mˆe −Me, C˜e = Cˆe −Ce, D˜e = Dˆe −De and g˜e = gˆe − ge (6.19)
Then,
V˙ = −s>Des +
n∑
i=1
si(M˜esr + C˜esr + D˜esr + g˜e)i −Ki|si|
OR,
V˙≤ −s>Des +
n∑
i=1
|si|.|(M˜esr + C˜esr + D˜esr + g˜e)i| − |Ki||si|
V˙≤ −s>Des−
n∑
i=1
|si| (Ki − |(M˜esr + C˜esr + D˜esr + g˜e)i|)
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The discontinuity gains Ki’s are selected such that,
Ki ≥ |(M˜esr + C˜esr + D˜esr + g˜e)i|+ Γi (6.20)
Where, Γi’s are arbitrary positive constants, thus,
V˙≤ −(s>Des)− (
n∑
i=1
|si|.Γi) ≤ 0 (6.21)
As long as, the discontinuity gains Ki’s are selected according to eq. 6.20, the
derivative of the Lyapunov function defined in eq. 6.21 is always negative.
Since, eq. 6.21 is satisfied, s approaches to zero as time goes on, irrespective of its
initial value and irrespective of any uncertainties in the dynamic model defined in
eq. 6.19.
6.3 Simulation Results
Figure 6.10 shows the overall control block diagram of the sliding mode controller.
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Figure 6.10: Simulink Block Diagram for the Underwater Vehicle.
The designed sliding mode controller is implemented on the MARES AUV
model and the following simulation are obtained.
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Figure 6.11: 3D trajectory tracking of the MARES AUV without uncertainty.
79
Figure 6.12: X-Y Semi Circle trajectory tracking of the MARES AUV without
uncertainty.
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Figure 6.13: Orientation of the MARES AUV without uncertainty.
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Figure 6.14: Control Signals of the MARES AUV without uncertainty.
The uncertainty in parameters (ρ and M represent Water density and the Iner-
tia matrix for the AUV, respectively) was not considered in the above simulation,
but now it is considered (10% error in ρ and 25% error in M).
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Figure 6.15: 3D tracking of the MARES AUV with uncertainty in parameters.
83
Figure 6.16: X-Y Semi Circle trajectory tracking of the MARES AUV with un-
certainty in parameters.
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Figure 6.17: Orientation of the MARES AUV with uncertainty in parameters.
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Figure 6.18: Control Signals of the MARES AUV with uncertainty in parameters.
6.4 L1 Adaptive Control for the Underwater
Vehicle
The attractive point of using L1 adaptive controller in this thesis is its ability
for fast and robust adaptation which increase the system’s performance for both
input and output compared to other controllers in the literature. This capabil-
ity is done through the separation between adaption and robustness. Using this
controller, the uncertainties will be estimated by a fast algorithm, and therefore,
compensated uncertainties will pass through a low-pass filter and it will be a part
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of the control signal. There are two main functions of this filter, first, guarantee
that the control signal remains in the reasonable frequency range, second, sep-
arates between adaptation and robustness as well as through this filter we can
optimize both, the performance and the robustness [16, 3, 26].
6.4.1 Preliminaries
Given the nonlinear function f(t,x) : [0, ∞)×Rn → R,governed by the following
assumptions.
 Assumption 1: (Uniform boundedness of f(t,0)) There exists B > 0, such
that |f(t, 0)| ≤ B, ∀t ≥ 0
 Assumption 2: (Semiglobal uniform boundedness of partial derivatives)
If the nonlinear function f(t,x) is continuous in its arguments, and further-
more, for arbitrary δ > 0, therefore, there will exist dft(δ) > 0 and dfx(δ) >
0, such that ∀‖x‖∞ ≤ δ the partial derivatives of f(t,x) with respect to t
and x are piecewise continuous and bounded,
‖∂f(t,x)
∂x
‖1 ≤ dfx(δ), and |∂f(t,x)∂t | ≤ dft(δ)
 Lemma
According to the above assumptions, the nonlinear function f(t,x) can be
linearly parameterized in two time-varying parameters using ‖x‖∞ as a re-
gressor, as follows:
f(t,x(t)) = θ(t)‖x(t)‖∞ + σ(t)
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Where, |θ(t)| < θρ, |θ˙(t)| < dθ, |σ(t)| < σb, and |σ˙(t)| < dσ
Where, θρ , dfx(ρ), σb , B+, by which (B, ) > 0 is an arbitrary constant,
dθ and dσ are computable bounds.
 Property 1: (see [27]) Given the vectors y ∈ Rn, θ∗ ∈ Ω0 ⊂ Ω1 ⊂ Rn, and
θ ∈ Ω1, therefore :
(θ − θ∗)>(proj(θ,y)− y) ≤ 0 (6.22)
6.4.2 L1 Adaptive Controller Formulation
In this section, L1 adaptive controller components are illustrated in figure 6.19
are presented.
Figure 6.19: Block Diagram of the closed-loop L1 adaptive controller [3].
To apply L1 adaptive controller on the AUV, we have to rewrite 4.14 to be
in the form of a state-space representation. First, we will consider the following
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simple example [16, 17]:
x˙1(t) = x2, x1(0) = x10
x˙2(t) = A2x2(t) + f2(t,x(t)) + B2wu, x2(0) = x20
y(t) = Cx(t) (6.23)
Where, x(t) = [x1(t), x2(t)]
> ∈ R2n are the states of the system, A2 ∈ Rn×n is
a known matrix, B2 ∈ Rm×n is a constant full rank matrix, u(t) ∈ Rm is the
control input vector, w ∈ R is the uncertainty on the input gain, C ∈ Rm×n is
a known full rank constant matrix, y(t) ∈ Rm is the measured output and f2(t)
is an unknown nonlinear function. We can rewrite 6.23 as:
x˙ = Ax(t) + f(t) + Bmwu(t) (6.24)
Where,
A =
 0n×n In×n
0n×n A2
 , f =
 0n×1
f2
 and, Bm =
 0n×m
B2
 (6.25)
From Eq. 4.14
η¨ = Me(η)
−1 [τe −Ce(η, ν)η˙ −De(ν, η)η˙ − ge(η)] (6.26)
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Say:
η1 = η
η2 = η˙, thus
η˙1 = η˙ = η2
η˙2 = η¨ (6.27)
Therefore, from Eqs. 6.26 and 6.27 the state space representation is:
 η˙1
η˙2
 =
 06×6 I6×6
06×6 −DeMe

 η1
η2
−
 06×1
ge
Me
+
 06×6
1
Me
 τ
y(t) =
 I6×6 06×6
06×6 I6×6

 η1
η2
 (6.28)
Now, we can rewrite Eq. 6.28 to be in the same form as Eq. 6.24. Then, by using
the Lemma in sub-section 6.4.1, Eq. 6.24 can be written as follows:
x˙(t) =Amx(t) + Bm(w(t)uad + θ(t)‖x(t)‖∞ + σ(t)), x(0) = x0 (6.29)
y(t) =c>x(t)
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From Eq. 6.29 the following state predictor is considered;
xˆ(t) =Amxˆ(t) + Bm(wˆ(t)uad + θ(t)‖x(t)‖∞ + σˆ(t)), x(0) = x0 (6.30)
yˆ(t) =c>xˆ(t)
where, xˆ(t) ∈ Rn represents the predictor state, yˆ(t) ∈ Rn is the predictor output,
θˆ(t) and σˆ(t) are the estimated parameters. Therefore, by defining the error
x˜(t) = x(t) − xˆ(t), θ˜(t) = θ(t) − θˆ(t) and σ˜(t) = σ(t) − σˆ(t), the following error
dynamic obtained;
x˜(t) = Amx˜(t) +Bm(w˜(t)uad + θ˜(t)‖x(t)‖∞ + σ˜) (6.31)
Consider the following Lyapunov function candidate;
V (x˜(t), θ˜(t), σ˜(t), σ˜(t)) = x˜>(t)Px˜(t) +
θ˜>(t)θ˜(t)
γ1
+
σ˜>(t)σ˜(t)
γ2
+
w˜2(t)
γ3
(6.32)
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Thus,
V˙ (t) = ˙˜x>(t)Px˜(t) + x˜>(t)P ˙˜x(t) +
1
γ1
( ˙˜θ>(t)θ˜(t) + θ˜>(t) ˙˜θ(t))
+
1
γ2
( ˙˜σ>(t)σ˜(t) + σ˜>(t) ˙˜σ(t)) +
2
γ3
(w˜(t) ˙˜w(t))
=(Amx˜(t) + Bmw˜(t)uad(t) + Bmθ˜(t)‖x‖∞ + Bmσ˜(t))>Px˜(t)
+x˜(t)>P(Amx˜(t) + Bmw˜(t)uad(t) + Bmθ˜(t)‖x‖∞ + Bmσ˜(t))
+
1
γ1
( ˙˜θ>(t)θ˜(t) + θ˜>(t) ˙˜θ(t)) +
1
γ2
( ˙˜σ>(t)σ˜(t) + σ˜>(t) ˙˜σ(t)) +
2
γ3
(w˜(t) ˙˜w(t))
=x˜(t)>AmPx˜(t) + (Bmw˜(t)uad(t) + Bmθ˜(t)‖x‖∞ + Bmσ˜(t))>Px˜(t)
+x˜(t)>PAmx˜(t) + x˜>P(Bmw˜(t)uad(t) + Bmθ˜(t)‖x‖∞ + Bmσ˜(t))
+
2
γ1
(θ˜>(t) ˙˜θ(t)) +
2
γ2
(σ˜>(t) ˙˜σ(t)) +
2
γ3
(w˜(t) ˙˜w(t))
=− x˜(t)>(A>mP + PAm)x˜(t) + 2x˜(t)>P(Bmw˜(t)uad(t) + Bmθ˜(t)‖x‖∞ + Bmσ˜(t))
+
2
γ1
(θ˜>(t) ˙˜θ(t)) +
2
γ2
(σ˜>(t) ˙˜σ(t)) +
2
γ3
(w˜(t) ˙˜w(t))
Therefore,
V˙ (t) = −x˜(t)>Qx˜(t) + 2x˜(t)>PBmw˜(t)uad(t) + 2x˜(t)>PBmθ˜(t)‖x‖∞
+2x˜(t)>PBmσ˜(t) +
2
γ1
(θ˜>(t) ˙˜θ(t)) +
2
γ2
(σ˜>(t) ˙˜σ(t)) +
2
γ3
(w˜(t) ˙˜w(t)) (6.33)
The derivatives of the parameters can be written by using the projection operators
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as follows:
˙˜θ =γ1Proj(θ˜(t),−‖x(t)‖B>mPx˜(t))
˙˜σ =γ2Proj(σ˜(t),−B>mPx˜(t))
˙˜w =γ3Proj(w˜(t),−x>(t)PBmuad) (6.34)
where, (γ1, γ2 and γ3) > 0 are the adaptation laws rate, P = P
> > 0 satisfy the
Lyapunov equation;
A>mP + PAm = −Q (6.35)
where, Q = Q> > 0.
Therefore, by substituting eq. 6.34 in to eq. 6.33 leads to eq. 6.36:
V˙ (t) =− x˜(t)>Qx˜(t) + 2x˜(t)>PBmw˜(t)uad(t) + 2x˜(t)>PBmθ˜(t)‖x‖∞
+2x˜(t)>PBmσ˜(t) + 2θ˜>(t)Proj(θ˜(t),−‖x(t)‖B>mPx˜(t))
+2σ˜>(t)Proj(σ˜(t),−B>mPx˜(t)) + 2w˜(t)Proj(w˜(t),−x>(t)PBmuad)
=− x˜(t)>Qx˜(t) + 2θ˜>(t)‖x‖∞B>mPx˜(t) + 2θ˜>(t)Proj(θ˜(t),−‖x(t)‖∞B>mPx˜(t))
+ 2σ˜>(t)B>mPx˜(t) + 2σ˜
>(t)Proj(σ˜(t),−B>mPx˜(t))
+ 2w˜(t)x>(t)PBmuad + 2w˜(t)Proj(w˜(t),−x>(t)PBmuad) (6.36)
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Therefore, using the property 1 in sub-section 6.4.1 leads to:
V˙ (t) =− x˜(t)>Qx˜(t) + 2
≤0︷ ︸︸ ︷
θ˜(t)>[‖x‖∞B>mPx˜(t)︸ ︷︷ ︸
−y1
+Proj(θ˜(t),−‖x(t)‖∞B>mPx˜(t))︸ ︷︷ ︸
y1
]
+2
≤0︷ ︸︸ ︷
σ˜(t)>[B>mPx˜(t)︸ ︷︷ ︸
−y2
+Proj(σ˜(t),−B>mPx˜(t))︸ ︷︷ ︸
y2
]
+2
≤0︷ ︸︸ ︷
w˜(t)[x>(t)PBmuad︸ ︷︷ ︸
−y3
+Proj(w˜(t),−x>(t)PBmuad︸ ︷︷ ︸
y3
)] (6.37)
⇒ V˙ (t) =− x˜(t)>Qx˜(t) ≤ 0 (6.38)
Which means that our systems is asymptotically stable. The Laplace transform
of the adaptive control signal is obtained as follows;
uad(s) = −C(s)
ω
(µˆ(s)− kgr(s)) (6.39)
where, µˆ(s) and r(s) are the Laplace transform of µˆ(t) = θˆ(t)‖x(t)‖∞ + σ(t) and
r(t) is the reference signals, respectively and kg = − 1c>A−1m Bm is the feedforward
gain.
Say, the filter C(s) is selected to be as follows;
C(s) =
ωkD(s)
I + ωkD(s)
(6.40)
with, DC gain C(0) = I. To be sure that the filter in eq. 6.40 is first order with
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strictly proper transfer function D(s), must be selected to be equal I
s
, leads to;
C(s) =
ωk
sI + ωk
(6.41)
By substituting eq. 6.40 into eq. 6.39, the Laplace transform of the adaptive
control signal will be as follows;
uad = −kD(s)(ωuad(s) + µˆ(s)− kgr(s)) (6.42)
Finally, the L1 norm condition is given as follows;
‖G(s)‖L1L < 1 (6.43)
where,
G(s) = H(s)(C(s)− I), H(s) = (sI−Am)−1Bm (6.44)
And,
‖∂f(t,x)
∂x
‖ ≤ dfx = L (6.45)
More details can be found in [16].
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6.4.3 Simulation Results
The Modular Autonomous Robot for Environment Sampling (MARES) AUV is
selected to perform trajectory tracking. The parameters of the MARES model as
follows [13, 28, 29]:
Properties Value
Length 1.5 m
Diameter 20 cm
Weight in air 32 kg
Depth rating 100 m
Propulsion 2 horizontal + 2 vertical thrusters
Horizontal velocity 0-1.5 m/s, variable
Energy Li-Ion batteries, 600Wh
Autonomy/Range about 10 hrs / 40 km
Table 6.1: MARES General Characteristic
Properties Value by m Description
[xcg, ycg, zcg] [0 0 0] Center of gravity
[xcb, ycb, zcb] [0 0 (0.0044)] Center of buoyancy
Table 6.2: MARES Location of center of gravity and buoyancy
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Properties Value [kg.m2]
Ixx 1.55.10
−1
Iyy 4.73
Izz 4.73
Table 6.3: MARES Moment Inertia
Properties Value Unit
Xu˙ -1.74 kg
Yv˙ 4.28.10 kg
Zw˙ -4.12.10 kg
Kp˙ −8.61.10−3 kg.m2
Mq˙ -6.07 kg.m
2
Nr˙ -6.40 kg.m
2
Xq˙ −3.05.10−2 kg.m
Yp˙ 3.05.10
−2 kg.m
Kv˙ 3.05.10
−2 kg.m
Mu˙ −3.05.10−2 kg.m
Yr˙ 1.13.10
−1 kg.m
Zq˙ −1.23.10−1 kg.m
Mw˙ −1.23.10−1 kg.m
Nv˙ 1.13.10
−1 kg.m
Table 6.4: MARES Added Masses
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The above designed L1 adaptive controller is implemented, with the following
parameters (controller parameters);
γ1 = 10
4, γ2 = 10
4, γ3 = 10
4 and k = 103.
Figure 6.20: 3D trajectory tracking of the MARES AUV without uncertainty.
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Figure 6.21: Orientation of the MARES AUV without uncertainty.
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Figure 6.22: Control Signals of the MARES AUV without uncertainty.
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Figure 6.23: Estimated Parameter (wˆ) without uncertainty.
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Figure 6.24: Estimated Parameter (θˆ) without uncertainty.
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Figure 6.25: Estimated Parameter (σˆ) without uncertainty.
The uncertainty in parameters (ρ and M represent water density and the iner-
tia matrix for the AUV, respectively) was not considered in the above simulation,
but now it is considered (25% error in ρ and 100% error in M).
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Figure 6.26: 3D trajectory tracking of the MARES AUV with uncertainty in
parameters.
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Figure 6.27: Orientation of the MARES AUV with uncertainty in parameters.
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Figure 6.28: Control Signals of the MARES AUV with uncertainty in parameters.
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Figure 6.29: Estimated Parameter (wˆ) with uncertainty in parameters.
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Figure 6.30: Estimated Parameter (θˆ) with uncertainty in parameters.
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Figure 6.31: Estimated Parameter (σˆ) with uncertainty in parameters.
In addition to the uncertainty in parameters as shown in the above simulations,
the disturbance (with mean equal to 1, variance equal to 0.3 and frequency equal
to 0.1 Hz) has been added to the input signals as well, to investigate the robustness
of the proposed controller and the simulations were as in the following Figures.
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Figure 6.32: 3D trajectory tracking of the MARES AUV with uncertainty and
disturbance.
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Figure 6.33: Orientation of the MARES AUV with uncertainty and disturbance.
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Figure 6.34: Control Signals of the MARES AUV with uncertainty and distur-
bance.
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Figure 6.35: Estimated Parameter (wˆ) with uncertainty and disturbance.
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Figure 6.36: Estimated Parameter (θˆ) with uncertainty and disturbance.
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Figure 6.37: Estimated Parameter (σˆ) with uncertainty and disturbance.
6.4.4 Discussion and Comparison
The performance of the designed controllers is compared in terms of the robustness
against the disturbance and uncertainty in parameters and the simulations showed
that the L1adaptive controller is better than the other controllers.
115
CHAPTER 7
CONTROLLER DESIGN FOR
THE UVMS
Since the general dynamic equation of the AUV (4.14) and the UVMS (5.63) sys-
tems have the same structures, therefore, the derivation of the controllers (Feed-
back Linearization, Sliding Mode and L1 adaptive) will be exactly the same as
in chapter 6. Thus, in this chapter the above three controllers are applied to
the UVMS system by following the steps in chapter 6. For the purpose of the
simulations the parameters of the UVMS model are selected to be matched with
those used in Jason Underwater Vehicle [1], as well as, with the first 3 links of the
Puma 560 manipulator. Therefore, the UVMS model has 9 DOFs, see tables (7.1
and 7.2).
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7.1 Feedback Linearization Controller for the UVMS
7.1.1 Simulation Results
Figure 7.1: Simulink Block Diagram for the UVMS.
Length L = 2.2m
Height H = 1.2m
Width W = 1.1m
Table 7.1: Dimension of Jason URV [1]
The first joint of the manipulator located on the vehicle at the following point;
c00 = [cx0 cy0 cz0 ]
> = [0.5L 0 0.5H]> = [1.1 0 0.6]>meters (7.1)
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Link Mass kg Ixxkg.m
2 Iyykg.m
2 Izzkg.m
2
Vehicle 1200 265 628 605
Link 1 12.96 1.0981 0.1774 1.1112
Link 2 22.37 0.4036 0.9684 0.9664
Link 3 5.01 0.0746 0.0755 0.0075
Table 7.2: Mass and Inertia Properties of the UVMS
Figure 7.2: 3D trajectory tracking of the vehicle without uncertainty.
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Figure 7.3: Orientation trajectory tracking of the vehicle without uncertainty.
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Figure 7.4: The manipulator angles trajectory tracking without uncertainty.
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Figure 7.5: The Control Signals for the vehicle without uncertainty.
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Figure 7.6: The Control Signals for the Manipulator without uncertainty.
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7.2 Sliding Mode Controller for the UVMS
7.2.1 Simulation Results
Figure 7.7: 3D trajectory tracking of the vehicle without uncertainty.
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Figure 7.8: Orientation trajectory tracking of the vehicle without uncertainty.
124
0 0.5 1 1.5 2 2.5
x 104
0
0.2
0.4
0.6
0.8
MANIPULATOR ANGLES
 
 
θ
m1
d
θ1m
0 0.5 1 1.5 2 2.5
x 104
−0.2
0
0.2
0.4
0.6
0.8
 
 
θ
m2
d
θ2m
0 0.5 1 1.5 2 2.5
x 104
−1
−0.5
0
0.5
1
 
 
θ
m3
d
θ3m
Figure 7.9: The manipulator angles trajectory tracking without uncertainty.
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Figure 7.10: The Control Signals for the vehicle without uncertainty.
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Figure 7.11: The Control Signals for the Manipulator without uncertainty.
7.3 L1 Adaptive controller
7.3.1 Simulation Results
In this section, the uncertainty in parameters (ρ and M represent water density
and the inertia matrix for the UVMS, respectively) is considered as 25% error
in ρ and 100% error in M. In addition to the uncertainty in parameters the
disturbance (with mean equal to 1, variance equal to 0 and frequency equal to 0
Hz) has been added to the input signals as well, to investigate the robustness of
the proposed controller and the simulations were as in the following Figures.
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Figure 7.12: 3D trajectory tracking of the UVMS with uncertainty and distur-
bance.
128
0 500 1000 1500
−0.01
0
0.01
0.02
0.03
AUV Orintation
 
 
φ
v
d
φ
v
0 500 1000 1500
−0.8
−0.6
−0.4
−0.2
0
0.2
 
 
θ
v
d
θ
v
0 500 1000 1500
0
2
4
6
8
10
 
 
ψ
v
d
ψ
v
Figure 7.13: Orientation trajectory tracking of the UVMS with uncertainty and
disturbance.
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Figure 7.14: The manipulator angles trajectory tracking with uncertainty and
disturbance.
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Figure 7.15: Estimated Parameter (wˆ) with uncertainty and disturbance.
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Figure 7.16: Estimated Parameter (θˆ) with uncertainty and disturbance.
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Figure 7.17: Estimated Parameter (σˆ) with uncertainty and disturbance.
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Figure 7.18: The Control Signals for the vehicle with uncertainty and disturbance.
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Figure 7.19: The Control Signals for the Manipulator with uncertainty and dis-
turbance.
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CHAPTER 8
CONCLUSION AND FUTURE
WORK
The model of the underwater vehicle was presented briefly. The model of the
UVMS was derived in detail using Kane’s equations and then comparison and
analysis in terms of the dynamics has been shown. Underwater vehicle with 3
link manipulator is selected as the basis model. After the model development,
feedback linearization and sliding mode controllers which are selected from the
literature were designed for both the underwater vehicle and UVMS to achieve
tracking. A novel controller, which is L1 adaptive, is also designed for both the
underwater vehicle and the UVMS. In case of disturbances and uncertainty in the
dynamics, the L1 adaptive controller showed better performance than the other
two controllers. Simulation results prove that the L1 adaptive controller delivers
increased performance in terms of fast and robust adaptation.
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8.1 Future work
As it can be seen, in general, Kane’s equation can be used to model underwater
vehicle with 2 n-link manipulators. Also, it can be used to model the unmanned
aerial vehicle with slung load. In general the Kane’s equation will be a good solu-
tion to model multiple unmanned or underwater vehicles working co-operatively
on a task. The L1 adaptive controller can also be applied for the underactuated
UVMS. The proposed controller can also be designed using output feedback for
the UVMS.
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